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Abstract In this paper, we focus on Sobolev inequality in the context of Sharma-Mittal
entropy. Using this new inequality, generalized entropic uncertainty relation in accordance
with Sharma-Mittal entropy is derived and the pseudoadditivity relation has been obtained.
This new entropic uncertainty relation has then been applied to physical examples such as
one dimensional harmonic oscillator and Pösch-Teller potential. Finally, it has been shown
that for certain values of the parameters of Sharma-Mittal measure, the present results reduce
to the corresponding results of Shannon, Renyi and Tsallis measures.

Keywords Sharma-Mittal entropy · Sobolev inequality · Tsallis entropy · Renyi entropy ·
Shannon entropy

1 Introduction

Recently, there has been an increase in the interest to generalize Boltzmann-Gibbs entropy
by some other entropies such as Tsallis [1] and Rényi [2] entropies. Tsallis entropy has been
applied to many systems ranging from nonlinear diffusion equations [3], Fokker-Planck
systems [4, 5], the specific heat of the harmonic oscillator [6], one-dimensional Ising model
[7, 8], Boltzmann H-theorem [9–11], Ehrenfest theorem [12], quantum statistics [13, 14],
paramagnetic systems [15], Circle maps [16], Henon map [17], Haldane exclusion statistics
[18], q-expectation value [19] to quantum information [20]. Rényi entropy has been stud-
ied as a generalization of Boltzmann-Gibbs entropy since it too yields inverse power law
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distributions when maximized under constraints [21] and has been shown to satisfy the ze-
roth law of thermodynamics [22]. Later, a new entropy measure has been not introduced,
which appears to generalize both of these entropies [23–25]. This is the two-parameter
Sharma-Mittal entropy [26]. The properties of Sharma-Mittal entropy has been investigated
by some authors [23, 24, 27]. It generalizes Tsallis, Rényi and Boltzmann-Gibbs (BG) en-
tropies through the manipulation of its two parameters thereby reducing to these entropies
as limiting cases.

A new uncertainty relation in quantum mechanics is derived in [28] regarding the
Shannon-von Neumann entropies mixed with the momentum and coordinate probability
densities by employing the Sobolev inequality. The investigation of various properties of
the Sobolev inequality is given in [29]. Information entropy of classical orthogonal polyno-
mials and their application to the harmonic oscillator and Coulomb potentials is investigated
in [30, 31]. The Sobolev inequality have been studied by using Tsallis [32] and Renyi en-
tropies [33]. However, in the literature, the Sobolev inequality has not been investigated by
using the Sharma-Mittal entropy. The generalization of Sobolev inequality in this particular
context is important since it will include all the known inequalities such as the ones derived
from Shannon, Tsallis or Rényi entropies. Moreover, the uncertainty in position observable
can be divergent for the power-law quantum wave packet in the configuration space. Hence,
the Heisenberg type uncertainty will not have any applicability. Another example for which
ordinary form of Heisenberg uncertainty relation fails to work is encountered in the example
of quantum damped oscillator. In this particular example, solutions provided in the literature
generally suffer from disappearing asymptotically in time [34]. On the other hand, the infor-
mation entropic uncertainty relation includes only finite quantities. Thus it is more suitable
than Heisenberg type uncertainty relation [35]. To demonstrate this generalized picture, the
information properties in position and momentum space for D-dimensional harmonic oscil-
lator system are studied using Sharma-Mittal entropy. These mathematical expressions then
have been applied to physical examples such as one dimensional harmonic oscillator and
Pösch-Teller potential. Finally, it has been shown that for certain values of the parameters of
Sharma-Mittal measure, the present results reduce to the corresponding results of Shannon,
Renyi and Tsallis measures.

This paper is organized as follows. In Sect. 2, we provide the rudiments needed for the
generalization of Sobolev inequality. In Sect. 3, we calculate the position and momentum in-
formation entropies analytically for D-dimensional harmonic oscillator. To verify this result,
same process is used for one dimensional harmonic oscillator and Pösch-Teller potential in
Sect. 4. Finally, we present the conclusion in Sect. 5.

2 Sharma-Mittal Entropy

The Sharma-Mittal entropy is given by

SSM(p) = 1

1 − s

[(∑
i

p
q

i

)( 1−s
1−q

) − 1
]
. (1)

In the limit s → 1, Sharma-Mittal entropy becomes Rényi entropy [2] which is

SR(p) = 1

1 − q
ln

(∑
i

p
q

i

)
, (2)
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for s → q , it is Tsallis entropy [1] given by

ST (p) =
∑

i p
q

i − 1

1 − q
. (3)

In the limiting case when both parameters approach one, we recover the ordinary
Boltzmann-Gibbs (BG) entropy which reads

SBG(p) = −
∑

i

pi lnpi. (4)

we can write (1) as,

SSMγ (q) = 1

1 − s

[(∫
dDr(|γ (r)|α

)( 1−s
1−α

) − 1
]
, (5)

and

SSMν(p) = 1

1 − s

[(∫
dDk(|ν(k)|β

)( 1−s
1−β

) − 1
]
, (6)

for the positions and momentum space entropies, respectively, where γ (r) = |ψ(r)|2 and
ν(k) = |ψ̃(k)|2 are quantum mechanical probability densities in r- and k-space, respectively.
Here ψ̃(k) is the Fourier transform of ψ(r).

For two statistically independent systems given by probability distributions q and p,
Sharma-Mittal entropy satisfies [24]

SSM(p + q) = SSM(p) + SSM(q) + (1 − s)SSM(p)SSM(q). (7)

This relation is important in order to see how Sharma-Mittal measure includes both Tsallis
and Rényi entropies as its limiting cases. When we take s = q , it becomes the relation
satisfied by Tsallis entropy and shows its nonadditivity. Moreover, when s = 1, we have
the additive property which relates to Rényi entropy. In this sense Sharma-Mittal entropy
includes both additive and nonadditive features in it.

3 Entropic Uncertainty of Sharma-Mittal Entropy

In this section, we consider a D-dimensional harmonic oscillator for the investigation
of entropic uncertainty of Sharma-Mittal entropy. The normalized eigenfunctions of the
D-dimensional harmonic oscillator in position and momentum space are given by [31]. Us-
ing the (5) and wave function, the position-space information integral in the generalized
form for the D-dimensional harmonic oscillator can be obtained as

SSMγ (q) = 1

1 − s

[{( 2n!λl+D/2

�(n + l + D/2)

)α

I1I2

} 1−s
1−α − 1

]
, (8)

where the integrals I1 and I2 are given by

I1 =
∫

r2lα+D−1e−λr2α[Ll+D/2−1
n (λr2)]2αdr, (9)
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and

I2 =
∫

[Yl,m(	D)]2αd	D, (10)

I1 and I2 are the contributions to generalized entropies from the Laguerre polynomial and
hyperspherical harmonics, respectively. In momentum space we can write the generalized
entropy as

SSMν(p) = 1

1 − s

[{( 2n!λ−l−D/2

�(n + l + D/2)

)β

I3I2

} 1−s
1−β − 1

]
, (11)

where the I3 is given by

I3 =
∫

k2lβ+D−1e−k2β/λ[Ll+D/2−1
n (k2/λ)]2βdk. (12)

For the ground state, n = 0, we can write in position space

SSMγ (q) = 1

1 − s

[{( λ

π

)D(α−1)/2 1

αD/2

} 1−s
1−α − 1

]
. (13)

If this equation is rewritten, we obtain

(1 + (1 − s)SSMγ (q))
1−α

(1−s)2α =
{( λ

π

)D(α−1)/4α 1

αD/4α

}
, (14)

and in momentum space

SSMν(p) = 1

1 − s

[{( 1

λπ

)D(β−1)/2 1

βD/2

} 1−s
1−β − 1

]
, (15)

when (15) is rearranged, we find the following form

(1 + (1 − s)SSMν(p))
1−β

(1−s)2β =
{( 1

λπ

)D(β−1)/4β 1

βD/4β

}
. (16)

We can write for the ratio (16) to (14) as,

(1 + (1 − s)SSMν(p))
1−β

(1−s)2β

(1 + (1 − s)SSMγ (q))
1−α

(1−s)2α

= λ
D
4β

+ D
4α

− D
2

(π

α

)(−D/4α)(π

β

)(D/4β)

. (17)

If the power terms of λ is equal to zero, we obtain Sobolev conditions as

1

β
+ 1

α
= 2. (18)

As can be seen from (17), when Sobolev condition is satisfied, the ratio is equality and if not,
inequality. Hence, we find the entropic uncertainty relation based on the Sobolev inequality
as

[1 + (1 − s)SSMν(p)] 1−β
(1−s)2β

[1 + (1 − s)SSMγ (q)] 1−α
(1−s)2α

≤
(π

α

)(−D/4α)(π

β

)(D/4β)

, (19)
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with the condition 1
β

+ 1
α

= 2. Moreover, using the (15) and (13) the pseudo additivity
properties are also checked from (7). If we take s = α and s = β , coordinate and momentum
space, respectively, the new Sobolev inequality becomes the relation satisfied by Tsallis
entropy [32] as

[1 + (1 − β)ST ν(p)] 1
2β

[1 + (1 − α)ST γ (q)] 1
2α

≤
(π

α

)(−D/4α)(π

β

)(D/4β)

, (20)

with the condition 1
β

+ 1
α

= 2. Moreover, when s = 1, we have the extensive property which
relates to Rényi entropy

[e(1−β)SRν (p)] 1
2β

[e(1−α)SRγ (q)] 1
2α

≤
(π

α

)(−D/4α)(π

β

)(D/4β)

, (21)

with the condition 1
β

+ 1
α

= 2. Writing (21) in a new form, one obtains [33]

SRν(p) + SRγ (q) ≥ −D

2

( lnα

1 − α
+ lnβ

1 − β

)
+ ln(πD). (22)

In the limit of α, β going to unity, we obtain conventional entropic uncertainty relation

D(1 + lnπ) ≤ SBG(p) + SBG(q), (23)

where SBG(p) and SBG(q) are the usual Shannon-von Neumann entropies associated with
position and momentum. In case of D = 1, the entropic uncertainty relation is reduced to
1 + lnπ .

4 Applications

4.1 One Dimensional Simple Harmonic Oscillator (SHO)

One dimensional simple harmonic oscillator wave functions are given by

ψn(x) =
( 1

2nn!√π

) 1
2
(mω

�

) 1
4
Hn

((mω

�

) 1
2
x
)

exp

[
−mω

2�
x2

]
. (24)

For the ground state, (5) can be rewritten as

(
1 + (1 − s)SSMγ (q)

) 1−α
1−s =

∫
(|ψ0|2)αdx, (25)

and hence we obtain the relation,

(
1 + (1 − s)SSMγ (q)

) 1−α
(1−s)2α =

(
mω

�π

) α−1
4α 1

α1/4α
. (26)

We show our result for the coordinate space Sharma-Mittal entropy in Fig. 1. In this figure
and hereafter, �,ω and m are set equal to unity for simplicity. As seen from the figure,
SSMγ (q) is large for small α and s but this entropy monotonically decreases for larger α
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Fig. 1 SSMγ (q) as a function of
α and s in arbitrary units

Fig. 2 SSMν(p) as a function of
β and s in arbitrary units

and s. Larger values of these parameters give rise to a smaller value of entropy and therefore
the wave packet is more localized. On the other hand, the momentum wave function is

ψ̃n(p) =
( 1

2nn!√π

) 1
2
( 1

mω�

) 1
4
Hn

(( 1

mω�

) 1
2
p
)

exp

[
− 1

2mω�
p2

]
. (27)

For the ground state in momentum space, if the (6) is rearranged to give

(
1 + (1 − s)SSMν(p)

) 1−β
1−s =

∫
(|ψ̃0|2)βdp, (28)

and we obtain,

(
1 + (1 − s)SSMν(p)

) 1−β
(1−s)2β =

(
1

mω�π

) β−1
4β 1

β1/4β
. (29)

The momentum space Sharma-Mittal entropy is shown in Fig. 2. As can be seen from the
figure, this entropy shows the same behavior as in Fig. 1. Choosing � = 1 and dividing (28)
by (25), we have

(1 + (1 − s)SSMν(p))
1−β

(1−s)2β)

(1 + (1 − s)SSMγ (q))
1−α

(1−s)2α

= (mω)
1

4α
+ 1

4β
− 1

2

(π

β

) 1
4β

(π

α

)− 1
4α

. (30)
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Fig. 3 SSM(p + q) as a
function of β and α for s = 0.1 in
arbitrary units

Fig. 4 SSM(p + q) as a
function of β and α for s = 1.3 in
arbitrary units

Taking the power of mω to zero, the Sobolev condition is obtained as,

1

α
+ 1

β
= 2. (31)

Using this condition, we obtain Sobolev inequality as

(1 + (1 − s)SSMν(p))
1−β

(1−s)2β

(1 + (1 − s)SSMγ (q))
1−α

(1−s)2α

≤
(π

β

) 1
4β

(π

α

)− 1
4α

. (32)

This result is in agreement with (19) for D = 1. The plot of total Sharma-Mittal entropy
using (7) is shown in Figs. 3 and 4 for small and large values of s, respectively. As seen from
Figs. 3 and 4, the total Sharma-Mittal entropy of this system is monotonically decreasing. It
has same form for small and large value of s whereas its magnitudes are different. On the
other hand, in the limiting case when both parameters approach one, we also obtain the total
entropy as equal to the exact lower bound 1 + lnπ .

4.2 Pösch-Teller Systems

The ground state wave function for hyperbolic PÖSCHL-TELLER potential is given by [36]

ψ0
n (x) = 1√

2B( 1
2 , n)

.sechn
(x

2

)
, (33)
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Fig. 5 SSMγ (q) as a function of
α and s in arbitrary units

where B( 1
2 , n) is the Beta-function. Using (5) and ground state wave function for n = 1, the

position space entropy becomes,

(
1 + (1 − s)SSMγ (q)

) 1−α
(1−s) = 21−2α

√
π�(α)

�(α + 1
2 )

, (34)

where
�(α+ 1

2 )

�(α)
is given by

�(α + 1
2 )

�(α)
= √

α
(

1 − 1

8α
+ 1

128α2
+ . . .

)
≈ √

α. (35)

Inserting this into (33) yields,

(
1 + (1 − s)SSMγ (q)

) 1−α
(1−s)2α = 2

1−2α
2α

(π

α

) 1
4α

. (36)

The coordinate space Sharma-Mitall entropy is shown in Fig. 5. As seen from the figure,
Sharma-Mittal entropy for coordinate space monotonically decreases with larger values
while it shows fluctuations for smaller values of α and s. The momentum ground state wave
function for n = 1 is given by

ψ0(p) =
√

π

2
sech(πp). (37)

Using (6) and momentum wave function, we find

(
1 + (1 − s)SSMν(p)

) 1−β
(1−s)2β = 2− 1

2 π
− 1

4β
+ 1

2

( 1

β

) 1
4β

. (38)

In Fig. 6, we present a plot of momentum space Sharma-Mittal entropy. Fig. 6 indicates that
entropy is very small decreasing smaller values of β and s to β and s are unity but it is
monotonically decreasing for larger values. When we can write for ratio (37) to (35), it is
easier to obtain these ratios as (31) with Sobolev conditions. The behavior of total Sharma-
Mittal entropy using the (7) is shown in Figs. 7 and 8 for value of α and β at s = 0.1 and
s = 1.3, respectively.
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Fig. 6 SSMν(p) as a function of
β and s in arbitrary units

Fig. 7 SSM(p + q) as a
function of β and α at s = 0.1 in
arbitrary units

Fig. 8 Plot of SSM(p + q) with
respect to β and α at s = 1.3 in
arbitrary units

As seen from Figs. 7 and 8, the total Sharma-Mittal entropy of this system is monotoni-
cally decreasing for the value of α which is greater than unity. It has the same form for small
and large value of s whereas its magnitudes are different.
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5 Conclusion

Information entropic uncertainty relations is found to be useful in some particular cases in
which ordinary Heisenberg uncertainty relation diverges or becomes zero as time increases.
These situations are faced when one encounters for example power law wave packets [35] or
damped quantum oscillators [34] for example. In order to remedy this, entropic uncertainty
relations based on different entropies such as Shannon, Tsallis [32] or Renyi entropies [33]
have been derived and used in applications. Recently, it has been found out that the Sharma-
Mittal entropy generalizes Shannon, Rényi and Tsallis entropies through the adjustment of
its two parameters. In this sense, it is the most general entropy measure in the literature
so far. In order to have the most general entropic uncertainty relation, we have derived
the Sobolev inequality in accordance with this measure and applied it to D-dimensional
harmonic oscillator and hyperbolic Pösch-Teller potential. We have examined whether this
explanation is reasonable from the entropic uncertainty point of view using the associated
Sharma-Mittal entropy. We have found that the momentum and coordinate space Sharma-
Mittal entropy of quantum mechanical systems monotonically decrease with respect to large
values of β and α.

For the SHO case in both momentum and coordinate space Sharma-Mittal entropy has
a decreasing behavior whereas it has different one in hyperbolic Pösch-Teller potential for
β and α which are smaller than unity. In addition, the overall form of SSM(p + q) as a
function of β and α which are larger than unity does not change. According to Sharma-
Mittal inequality (32), the ratio can not be decreased beyond a certain value.

The maximum value of Sharma-Mittal uncertainty occurs at β and α equal to unity.
We believe the Sharma-Mittal uncertainty inequality can be of help in further theoretical
investigations where ordinary Heisenberg uncertainty relation diverges or goes to zero by
time in cases such as inverse power law packets or quantum damped oscillator.
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